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Abstract 

In the paper we present a generalization to Hamiltonian flows on sym- 
plectic manifolds of the estimate proved by Ballmann and Wojtkovski in 
[I] for the dynamical entropy of the geodesic flow on a compact Rieman- 
nian manifold of nonpositive sectional curvature. Given such a Rieman- 
nian manifold M, Ballmann and Wojtkovski proved that the dynamical 
entropy hp of the geodesic flow on M satisfies the following inequality: 



h„ > [ Tr y/-K(v) dp{v), 

J SM 



I SM 

where v is a unit vector in T P M, if p is a point in M, SM is the unit tangent 
bundle on M, K(v) is defined as K(v) = lZ(-,v)v, with 1Z Riemannian 
curvature of M, and p, is the normalized Liouville measure on SM. 

We consider a symplectic manifold M of dimension 2n, and a compact 
submanifold N of M, given by the regular level set of a Hamiltonian 
function on M; moreover we consider a smooth Lagrangian distribution 
of rank n — 1 on N, and we assume that the reduced curvature Hi of the 
Hamiltonian vector field h is nonpositive. Then we prove that under these 
assumptions the dynamical entropy /i M of the Hamiltonian flow w.r.t. the 
normalized Liouville measure on N satisfies: 



K > / Tr^-Rhdp,. (1) 

J N 

1 The curvature 

Let M be a 2n dimensional smooth manifold endowed with the symplectic struc- 
ture a. Let h : M — > K be a smooth function on the manifold, let h denote the 
Hamiltonian vector field associated to it, d z h = a(-, h(z)), and assume that h is 
a complete vector field; we will denote by </>*(•) := e th ^(-) the flow generated by 
h. Let A be a Lagrangian distribution on M, and let us define, for any z G M, 
the bilinear mapping g% : A z x A z — > R as g z {X, Y) = a([h, X],Y), X, Y e A z . 

Definition 1 The Hamiltonian vector field h is said to be regular at z G M 
w.r.t. the Lagrange distribution A if the bilinear form g z is nondegenerate. A 
regular Hamiltonian vector field h is said to be monotone at z € M w.r.t. A if 
the form g^. is sign- definite. 



Example Assume that A is an involutive Lagrangian distribution; then, by 
Darboux-Weinstein Theorem, there exist local coordinates {(p,q) ■ p,q £ K™} 
such that a = Yl7=i ^Pi A dq l and A z = {{p, 0)}; in these coordinates, the 
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previous requirement about the bilinear form is equivalent to asking the 
matrix { dp dp } ^° ^ e non degenerate and sign-definite. 

Let us assume that h is regular and monotone. We define a curve in the 
Lagrange Grassmannian L(T Z M) putting J z (0) = A z , J z (t) = <p~ l A^t z ; this 
curve is called Jacobi curve. Using the terminology of the curve is regular, 
because the bilinear form g z is nondegenerate; we have that, for any t sufficiently 
close (but not equal to) 0, J z (t) is transversal to J z (0) p^. Let us denote 
by KJzit) J Z (S) the projector of T Z M onto J z (0) and parallel to J z {t), and note 
that the space {n^ Jz ^ : A £ G n (T z M), A £ J z (0)^} is an affine subspace 
of gl(T z M) pQ; if we compute the Laurent expansion around of the operator- 
valued function t i— > 7r J z (t)j z (o) > that is nj z (t)J^(o) — n o + J2i^o ^^ii we can prove 
that, for i ^ 0, iTi € gl(T z M), while 7To is an element of the affine space and 
hence there exists a unique A € J z (0) such that tto — TTAj^roy, this subspace 
is called the derivative element to J z (0) and is denoted by J°(0). Analogously, 
we can apply the same procedure to construct the derivative element to J z (t) 
for ( ^ 0, and hence we can define the derivative curve of the curve J z (t): 
t 1-> J°(t); moreover, we have that J°(t) = Jp z (0). 

Since the Jacobi curve is regular, its derivative curve is smooth and lies in the 
Lagrange Grassmannian of T Z M pQ. These two curves form a splitting (which 
is called canonical splitting) of T Z M into two Lagrangian subspaces T Z M = 
J z {t)(BJ° z {t). 

Let Ao and Ai be two transversal subspaces in the Grassmannian G n (T z M), 
and £o and £i be two tangent vectors to G n (T z M) respectively at the points Ao 
and Ai; let 7i(i), for i = 0, 1, be two curves in G n (T z M) such that 7i(0) = Aj 
and -3j7j(t)|t = o = £i- Let us set the operator in gl(Ai) : 

d 2 

[£o,£l] : = ^^r 7r 7o(t)7l(0) 7r 7o(0)7l(r)|A 1 |t=r=o; 

this operator depends only on £o and £i . 

Definition 2 The operator Rj z (t) £ gl(J z (t)) defined as 

RjM ■■= [j° z {t)J z {t)\ 

is called the (generalized) curvature of the curve J z {t) at the time t. 

If we choose local coordinates on the Jacobi curve and its derivative curve 
putting J z (t) ~ {(x,S t x) : x £ 1"} and J°(t) ~ {(x,Sfx) : x £ R"}, where 
St and S% are matrices of dimension n, the curvature is then Rj z (t) = (S^ — 
St) 1 5 t (S' t o — St) 1 St- 

Definition 3 The operator R z £ gl(J z (0)) defined as 

R h z := RjM 

is called the curvature of the Hamiltonian vector field h at the point z £ M. 

Let us call £ z = ker(<i z /i)/span{/i(z)}, and let ip z : T Z M — > T z Af/span{/i(z)} 
be the canonical projection onto the factor space; the space S z inherits a 
symplectic structure given by the restriction of the form a. Let us now set 
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J z (t) = t [A ( f ) t z n ker(c?0t z /i) + span{ft(</>*z)}] (it can be shown that actually 
J^(t) = J z (t) n ker(d z /i) + span{K(z)}), and J z (i) = J*(i)/span{h(z)}; J z (t) 
is actually a curve in the Lagrange Grassmannian L(Y, Z ). If this Jacobi curve is 
regular, then its curvature operator Rj^ (t) is well defined on J z (t). 

Definition 4 The operator Rjh (t) on J z (t) defined as 

Rjh(t) := (V>U(t)nker(d^)) _1 ° Rj z (t) ° i> 
is called the curvature operator of the h— reduction J z at the time t. 

As before, we define 

Definition 5 The operator R z on J z (0) defined as 

R h z ~Rjh(0) 

is called the reduced curvature of the Hamiltonian vector field h at the point 
z £ M. 

Examples 

• Let M = M™ x M n , h(p, q) = ^\p\ 2 + U (<?); let us consider the Lagrangian 
distribution A( Pj9 ) = (K",0), and let us define the Jacobi curve J( p , q )(t) = 
0* *A^t( P) g); Then we have that the curvature is given by R\ pq ) = 

and R( P , q) = + ifr(y q u,o)® (v q u,o) T . 

• Let M be an n dimensional smooth manifold, and let h : T*M — > M. be 
such that the restriction H\t* } m (where 7r : T*M — > M is the canonical 
projection) is a positive quadratic form, hence it defines a Riemannian 
structure on M. Let J z (0) = T z {T* {z) M); then we have that R h z X = 
K{z,X)z for any X e T z {T* {z) M), z e T*M, where TZ is the Riemann 
curvature tensor, z is a vector in TM obtained from z by the action of 
the metric tensor, and X is identified with a linear form of T*M via the 
isomorphism between T Z (T*,^M) and T*,^M. The curvature operator of 

the ft-— reduction J z is the same, R z = R z . 

• Let M as in the previous example, and let the Hamiltonian function h be 
the sum of the Hamiltonian function of previous example and the function 
U on, where U is a function on M; then R h z X = TZ(z,X)z + D X (VU), 

and R h z X = R h z X + ^^^ (V^( Z )U, 0) T , where here we denote by 
(-, -)h the scalar product defined by the Riemannian structure given by h, 
and where Dx is the Riemannian covariant derivative along X. 

2 Results 

Let M be a 2n dimensional smooth manifold endowed with the symplectic struc- 
ture cr, and let h : M — ► R a smooth function on the manifold; we restrict 
ourselves on a regular sublevel N of the Hamiltonian function h, which is then a 
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codimension one submanifold of M, and we require this submanifold to be com- 
pact; moreover, we ask the Hamiltonian function to satisfy a regularity condition 
we will specify later. Let us now consider the flow generated by the Hamiltonian 
vector field h(z), and let us notice that it preserves the level sets of the Hamil- 
tonian, i.e. h((f> z) = h(z) V £; we are interested in computing the dynamical 
entropy /i^ (</>), where \i is the (normalized) Liouville measure restricted to the 
submanifold A^; it is defined as d[i = icr A • • • A er A txcr, where a is multiplied 
by itself n — 1 times, ix<J = &(X, •), X is a vector field on a neighborhood of N 
such that (dh, X) — 1 and Af = J N a A ■ • • A a A t^cr; it can be proved that this 
definition does not depend on the particular choice of such a vector field. 

In order to compute the dynamical entropy, we are going to use Pesin The- 
orem which states that the entropy is equal to the integral of the sum of 
positive Lyapunov exponents, taken with their multiplicities, and hence we shall 
compute the exponents of the Hamiltonian flow. Let us recall that the Lyapunov 
exponent in the point z 6 N along the direction X <G T Z N is defined as 

X ± (z,X)= lim 1 log \\4>iX\\, (2) 

t— >±oo |t| 

where || • || is a scalar product defined on T Z N and, since N is compact, this 
definition does not depend on the choice of the norm. 

The symplectic form restricted to TV has a one dimensional kernel given by 
the span of the Hamiltonian vector associated to h : indeed 

VveT^N <r(v,h) = (d z h,v) = 0, 

since T Z N = kei(d z h); hence, V z G N, we can write T Z N ~ S z © span{/i(z)}, 
where S z = T 2 iV/span{ft,(z)} is a In — 2 dimensional vector space and the 
restriction a = a\s z induces a symplectic structure on S z . Since span{/i} is 
preserved by the action of its flow, i.e. (j)lh{z) = h^z), we can take the quotient 
and study the exponential divergence of the trajectories along directions given 
by vectors lying in S z , so we will consider the map 4>\ : S z — > S^t 2 , where 

Now we can state the result: 

Theorem 1 Let N be a compact regular level set of a smooth Hamiltonian func- 
tion defined on a smooth symplectic manifold on dimension In; let A be a La- 
grangian distribution in TN/sj>aii{h} and let the Hamiltonian vector field h be 
monotone on N w.r.t. A. Consider the Jacobi curve J z (t) = <j)~ Ka,* z an d ^ 
the curvature R z of h be nonpositive. Then the dynamical entropy of the 
Hamiltonian flow on N w.r.t. the normalized Liouville measure on N satisfies 

hp > [ Tr J^fy dfi. 

JN 

Proof 

Due to sign-definiteness of the bilinear form g z , we can endow S z with a scalar 
product; indeed, let us define (for g z positive-definite) the following scalar prod- 
uct on J z (0) : 

J,(0) 3 X,Y^{X,Y)' h :=<t([h,X],Y). 
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By means of the symplectic form we can establish an isomorphism between 
J°(0) and the dual of J z (0) : J°(0) 3 W >-> a(W, •) : J z (0) -► E; since there 
exists a unique .XV e J z (0) such that ^(W 7 , •) = (Xwr)h, we can define the 
scalar product on J° (0) in this way: 

J°(0) 3W,V~(W,U)%:= (X w .X v ) h . 

Now it is possible to define a scalar product on the whole £ z : for any X,Y E E z , 
we set 

:= ( 7r ,7°(0)J,(0)^! 7r .7°(0)J i (0)^)/i + ( 7r .7*(0)J°(0)- X ^ 7r J i (o)J°(o)^)h; 

by definition, J°(0) is orthogonal to J z (0) with respect to the scalar product 
just defined. 

Since the space £ z has a symplectic structure and for any t the pair ( J z (t) , J° (t)) 
forms a splitting of Lagrangian subspaces, given a basis {e 1 , . . . , e" -1 } of J z (0) 
there is a unique way to choose a basis {e\(t), . . . , e"~ 1 (f)} of J z (t) such that 
e*(0) = e* Vi= l,...,n, {e\{t), . . .,e^- 1 (t)} is a basis for J° (t) and {e*(t), ejf*)}^ 1 
is a Darboux basis for X z , and it is called the canonical moving frame pp . More- 
over, as shown in PP, the vectors e\{t) lie in J z (t) for any i — 1, . . . ,n — 1, and 

n-i 

= £(--R*(t))«4(*), 

where i? z (i) is the representation of the curvature R z w.r.t. the basis {e\ (t)}™^ , 
and it is symmetric. 

Let us define, for any z £ N, the basis £i(z), . . . , £271-2(2) of S z by putting 
£j(z) = e*(0), £j_ n+ i(z) = e^(0), i = 1,. . . ,71 — 1; this basis is indeed orthonor- 
mal for any 2. Consider a vector l€E z : 

2n-2 n-1 

X = £ xi Si (z) = Vi(t) el (t) + (t) e\ (t) , (3) 

i=l i=l 

( (77^ (t) , £i(t)) are the components of the vector w.r.t. the canonical moving 
frame, and obviously (77(C)), £(0)) = (xi, . . . , £271-2))' ^v computations we can 
prove that the pair (r](t),£(t)) satisfies the differential first-order system 

r i(t) = -v(t) U] 

\ m = R z (tm w 

and hence the vector £(f) satisfies the second order differential equation 

£(t)+R,{t)£(t) = 0. (5) 
Since the canonical moving frame is defined such that e\ tz (Q>) = 0'e*(t), 
^* z (°) = * = l,..-,n-l, it implies that e\{t) = </>~*e^ z (0) = 

0~*£i(<?!>*z), i = 1, and e*(t) = 0~*e0t z (O) = ^e^z), i = 

n, . . . , 2n — 2. Hence 



■5 



n-1 

fax = xi^w^w + ^w^^w 

i=l 
n-1 

= W e *0* z ) + &(*) e i+n-l 

i=l 

and it means that the components of <j)\X w.r.t. the basis )}i"i~ 2 °f ^'z 

are the same as the components of X w.r.t. the canonical moving frame at time t. 
Since the basis {si(z)}i is orthonormal for any z, we find that \\ttj t j° t 4 >t *X\[ = 

Ut)\ and IKjo j fcX\\ = \i(t)\. 

Now we shall compute the Lyapunov exponents on N; by Multiplicative Ergodic 
Theorem |S] we know that the limit J2J) exists a.e. (w.r.t. the standard Liouville 
measure normalized on N) in N. Hence we can define the following subspaces 
ofS 2 : 

{X eZ z : \-(z,X) <0}, 
{IeE z :A+( Z ,I)<0}, 
{XeS z : X~(z,X) < and \ + (z,X) < 0}; 

these subspaces span S z . For any subspace E z of S z such that C E z C 
£™ © we have that lim t ^ ±00 ||j log | det(</>* = ±x(z), where x( z ) is the 
sum of the positive Lyapunov exponents in z, taken with their multiplicities. 

Knowing this, we are now looking for such a subspace E z \ we'll see that a 
good candidate will be the graph of a proper linear operator, that we will call 
U z , defined from J 2 °(0) to J z (0) . 

Let us now introduce for any z € N the subset H(z) of £ z such that 

= {l£S z : |lkv,(0)^ t ,(0)^|| > OVi}; 

clearly is intrinsically defined and it is invariant along the trajectory </>'z. 

In the following, for simplicity we will denote J$t z (0) by v(t) and J^ tz {0) by 
v°(t). 

Lemma 1 H(z) is a subspace o/S z . 

Proof From the convexity of \\Tr v (t)v°(t)<f>t X\\ 2 © we deduce that a vector 
IeS 2 belongs to H{z) if and only if ||7r^( t ^o( t )0* X|| is bounded for negative 
times. Linear combinations of vectors having this property satisfy this require- 
ment. □ 



K = 
K = 

E° z = 



Lemma 2 H{z) n v(Q) = {0}. 

Proof A vector X £ H(z) belongs to v(0) if tt v (q) v o / \X = 0, i.e. if £(0) = 0; 
suppose by contradiction that such a (nonzero) vector is contained in H(z); then 
J^(i)| 2 |t=o = (£(0),£(0))-(i? 2 (iK(0U(0)) > 0, hence is a strong minimum 
for |£(t)|, which contradicts the definition of H(z). □ 



6 



Lemma 3 H(z) is a Lagrangian subspace. 

Proof Let us define, for any t G IR, H t = {X G T, z : 4t^ v (t} v ''{t)V*^\\ > 
V t > t}; we have that H Tl C _ff T2 if t\ < T2 and that H(z) ~ C\ T H T . 

H T contains a Lagrangian subspace for any r. Indeed, fix r and consider 
V T = {X G S 2 : ^(0)^0 ( 4 ) tfilX = 0}; we prove using coordinates that this 
subspace is contained in H r : if we write X — Yli=i ~ £W e z W + CW^c Wj wc 
have that ||7r 1 ,(t)„°(t)'/ , '^|| = |£(i)| and hence, since 

j t m)\%=T = and |1|^)| 2 >0V<, 

m\Kit)*(t)4tx\\ > v* > r, and y T c # r . 

Now, since ^»V^ = J^(0), and this last subspace is Lagrangian, we proved 
our claim. H(z) contains a Lagrangian subspace too; indeed, let us define for 
any r H T = £ L(S 2 ) : F C H T }, which is a compact nonempty subset in 
the Lagrange Grassmannian L(E Z ). Moreover, since H Tl C i? T2 for ri < ti, we 
have that C\ T H T ^ 0; hence, since i? r C -ff T for any r, we can conclude that 
H(z) Z> C] T H T 0, that means that contains a Lagrangian subspace. 

From Lemma |21 we know that dimiJ(z) < n — 1, hence we can conclude that 
_ff (z) is a Lagrangian subspace. □ 

Since the space H(z) is Lagrangian and H(z) n J 2 (0) = V 2, there exists 
a symmetric linear operator U z : J°(0) — » J z (0) such that for any element 
X G -ff(z) we have that X = x + U z (0)x, where x G J°(0), i.e. is the 

graph of the operator U z . 

Hence we can find a linear operator V z : R™" 1 — > IR™^ 1 such that if if (z) 9 
* = »7i(0)e<(*) + e(0)e i+ „-i(2), then v (0) = -^(0), and, by © we get 

that £(0) = Vz£(0), by © that the operator satisfies the equation 

V^ z + V^ z + R. z (t) = Q. (6) 

By definition of H{z), the operator 14 is nonnegative definite for any z. 

Lemma 4 C ff(z) C £" ffi 

Proo/ Let X G and F G e lim^-oo ^ log < 

linw^ log ll^l + ^ log U\X\\ + ± log ||0*y||] = A- (z, X) + A- (z, Y) < 0, 

and this implies that a(4>lX, (plY) — > for t — > —00. Since 0'*<7 = <r, we 
get that Y) — and hence i?" and -E™ © are skew-orthogonal. By 
dimensional computations, we can prove that actually E z and E z © E z are the 
skew-orthogonal complement to each other. 

Let X G E zl i.e. lin^^oo 4r log \\4>\ X \\ < 0, and this means that ||<^*X|| < 

1, which implies that $\X is bounded in norm for nonpositive times, and conse- 
quentely also ^ v (t) v ° (t)^\ X is, which implies that (foX G H{4> t z) = <j>\\H{z)\ 
E z (z) C H(z). Since H{z) is Lagrangian, we also find that H{z) C E z (z) © E z . 
□ 

Lemma 5 Let X G H(z); thenit v (n\ v o(n\X G ker£7 z if and only if\[^ v on\ v n\(j)\.X\ 
for any t < 0. 
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Proof We are proving it in coordinates. Let X as in such that £(0) G 
kerVi, i.e. T](0) = 0; since by convexity JSJ) ^|£(i)| 2 > 0, and by hypothesis 
^|£(i)| 2 |t = o = 0, we get that |£(i)| 2 shall remain constant Vi < 0, which implies, 
using again convexity, that |£(t)| = Vt < 0. Conversely, if — V t < 0, 
then obviously we get the thesis. □ 

Let us denote by Hq(z) the graph of U z restricted to the orthogonal com- 
plement in J°(0) to ker[/ z ; it follows from the above lemma that 4>l[Ho(z)] C 
Hoiftz) Vt>0. Indeed, let X <E H(z) such that £(0) G \serV z ; then, by previ- 
ous results, =0 for any f < 0, that means that £(t) G kerV^t z for negative 
times, i.e. 7i>( t)l) ( t )<^,X G kerJ7 t z . 

Since the dimension of Hq(z) is nondecreasing along the orbits of the Hamil- 
tonian flow, we get that dimHo(z) is constant on a 0— invariant set of full 
measure, and hence on this set 4>l[H (z)] — H^cjfz). 

We will work in the space Hq(z) because we need the operator U z to be 
strictly positive definite, and we are calling U z the restriction of U z on the 
orthogonal complement to ker[/ z in J°(0), and respectively V° and R° z {t) the 
restrictions of V z and R z (t) to the orthogonal complement of ker V z in R™ -1 ; to 
do this, we shall prove that actually it satisfies Lemma 01 First, we need the 
following result: 

Lemma 6 R z (t) vanishes on kerl/0t z and both R z (t) and V^t z 'preserve the 
orthogonal complement in R™ -1 to kerV^t 2 . 

Proof Call A z (t) the orthogonal complement in R n_1 to kerV^,t z . Let X G 
H(z), let (— £(£),£(£)) be its components as in and let £(t) G kerVj,* z ; then, 
by previous lemma, £(r) = for r < t, which implies the vanishing of the sec- 
ond derivative too, i.e. R z (t)£(t) — 0. Let now x G kerV^t z ,x' G A z (t); since 
(x,R z {t)x') = (R z {t)x,x') = 0, we conclude that R z {t)[A z (t)] C A z {t). In the 
same way we can show that V0* z [A z (t)] C A z (t). □ 

Let X G -ff(z) \ Ho(z); then, </>*X is constant in norm w.r.t. t for any 
nonpositive t. Hence A~(z,X) = X ^ which implies that -E" C Hq(z). 
Moreover, consider X = X™ + X^ £ H(z); we call as usual (-fW (t),£ (i) (*)) 
the components of 0*-X"W w.r.t. the orthonormal frame {£i(</>'z)}i, and we 
assume that ^'(t) G kerV^(z) and ^ 2 ^(t) lies in A z (t) (defined as above). By 
previous results, we get that ^'(t) = for t < 0, and hence t (t) = for 
t < 0, and also R z {t)^{t) = 0, which implies that both £M and £ (2) satisfy 
equation 10. 

Since Hq(z) is the graph of the operator t/ z , we can express the scalar product on 
H Q (z) in term of the scalar product onl' 1 " 1 , putting (X, Y) h = (£ X (Q), A Z (Q)£ Y (0)) c , 
where A z (t) = I + V^t z (X and F as above), and (•, -) c denotes the canonical 
scalar product on R™" 1 . 

We call a z (t) = \ det</>* \h (z)\ the determinant w.r.t. the scalar product 
defined by A z (t) of 0* ; hence we have that 

a z {t) = ^detA z {t)\ det^U o(z) |c = y/detA z (t)\ det eti v * 3 > ds \ Ho{z) \ c . 

We define r z (t) := f t log a z (t) = ±Tr A z {t)A-\t) + Tr V% z , and we get by 
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computations that r z {t) = Tr [(V$ a - R° z (t)V$ t J(I + V^ z )~ x ]. Since 

1 1 If 1 

X (z) = lim - log | det(0*z \ Ho ( z ))\ = lim - \oga z (t) = lim - / r z (s) ds, 

t— too £ t-^oo t t— »oo £ Jo 

by Birkhoff Ergodic Theorem we get that, provide that r z is an integrable 
function on N, h^(<j)) = J N x(z)dfi{z) = f N r z (0)d(J,. 

Now we are going to compute dynamical entropy using a different scalar 
product on Hq(z), after showing that we will get the same value. Call A' z (t) — 
V? tz , and define the scalar product (X,Y)' = (£ x (0), A' Z (0)£ Y (0)}; we also get 

that r' z (t) = iTr [V° z - R° z (t)V? 



The volume element on N w.r.t. the scalar product given by A' is related 



to the standard volume element in this way: dfi' = J dot a' dfi. If we call c(t) 



det A 

1JF = \J detA>{t) > !> wc find that < a 'W < a (0 c (0)- We have that: 

If* I 1 

lim sup - / r' z {s) ds = lim sup - \oga' z (t) < lim - loga z (t) = x( z ) 

t—^oo t Jq t—>oo t t~^oo t 



If 1 1 

liminf — / r z (s) ds = -lim sup -r-j log a z (t) >- lim 7-7 loga*(f) = x(z), 



hence 



If*, 1 Z" , 

limsup- / r!,(s) (is < < liminf — / r 2 (s) (is. 
t^oo t Jq t->-oo |£| J t 



7^ is measurable on AT, since continuos. Applying the following Lemma (see 0]), 
we can prove it is also integrable on N: 

Lemma 7 Let ip 1 be a measure preserving flow on a probability space (X, /1) 
and f : X — » M a measurable nonnegative function; if for almost every x G X 
limsup T ^ +oc i J„ T f{(j) t x)dt < k(x), where k : X — > R is a measurable function, 
then 



f(x) dfj,(x) < / fc(ir) dfi(x). 
x Jx 

Hence, we get by Ergodic Theorem and equality of time averages in the 
future and in the past that J N r 2 (0)'<i/x = J N x( z ) dfi(z) — h^((j)). 
Finally, we use the following result (see ||]): 

Lemma 8 Given three symmetric linear operators U, M, N on a Euclidean space 
such that M and N are nonnegative definite and U is strictly positive definite, we 
get that Tr [MU + NIJ- 1 } > 2TtVmVN, where equality holds iff VMU = VN. 



Since we have that r' z (t) = ±Tr [V° tz - R° z (t)V° tz ] , where V? tz is (strictly) pos- 
itive definite and —R z (t) is nonnegative definite, we can apply previous lemma 
with U = V° tz , M = I and N = -R° z (t), obtaining iTr [V° H - R° z {t)V$ t ~ X ] > 
Tr y/-R°(t), and hence 



K{(j>)> / Tr y/-R°(0) dfi = / Tr^-R z {0)dfi. 

JN JN 
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□ 



Remark The estimate is sharp (i.e. we have the equality) if and only if 
v ^z = V~ R z(t) for almost all z G N, which implies that V^ z = -R z (t) 
almost everywhere on N, and hence, by continuity, for every z G N; this means 
that V ( j ) t z = on N , i.e. all Jacobi curves are symmetric pQ. 
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